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I. INTRODUCTION 
A large number of techniques are now available for obtaining approximate 
expressions for the periodic solutions of nonlinear differential equations of 
the form 
u” + u + cg(u, u’) = 0, u(O) = Cl, u’(0) = c2, U-1) 
see [l], [2], where other references may be found. 
Our basic assumption will be that for each choice of c1 and c2 the equation 
in (1.1) possesses a periodic solution, with a period T = T(cl, cs) which 
depends upon c, and c,, and, of course, E. This is true for the equation of the 
nonlinear spring, 
u” + 21 + a43 = 0 , (1.2) 
but not for the Van der Pol equation 
u” + c(u” - l)u’+U=o, (1.3) 
which possesses a single periodic solution towards which all other solutions 
tend asymptotically. 
In this note, we wish to study not the periodic solution itself, but rather 
the period T(c,, c.J as a function of c1 and cs. Writing 
we wish to study the functions fk(cl, cs), k = 1, 2, -. Although we can obtain 
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a variety of partial results, a full determination appears quite difficult. One 
of the methods we employ, based upon functional equations, has been used 
for a different purpose in [3]. 
II. PARTIAL DIFFERENTIAL EQUATIONS 
By assumption, there is a periodic solution associated with each set of 
real initial conditions. Following this periodic solution in the phase plane for 
a time d, we pass from the point (ci, ca) to the point 
(Cl + c24 c2 - 41 + qdc,, cz))>, 
to terms in o(d). Hence, we have the functional equation 
Wl, c2) = Vl + c24 c2 - 41 + &l, c2))) + 44 
which in the limit yields the partial differential equation 
(2-l) 
i?T aT 
C2ac, - (Cl + dc1, 4) ac, = 0. 
Using the expansion of (1.4), we obtain, upon equating coefficients, a 
series of partial differential equations 
afi c E==, 
c2 ac, - l ac2 9 
CP 
af2 
z - 
1 
c1g --&I, 4 
afi 
Y&- = 0, 
2 2 
(2.3) 
and so on. 
This yields a certain amount of information concerning the functional 
form of the fk(cl, c2). In particular we see that fi is a function of CT + ci, 
f&l, c2> = 4(4 + c3* (2.4) 
As we shall see below, in particular cases we can do much better. 
III. g(u, u’) E g(u) 
Let us consider the particular equation 
24” + 24 + cg(u) = 0, 40) = Cl, u'(0) = c2. (3.1) 
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Multiplying through by u’ and integrating, we obtain the relation 
where 
d2 + u2 + 2~ G(u) = c; + c; + 2~ G(c,), (3.2) 
G(u) = ,;,(s) ds. (3.3) 
Consider the periodic solution in the phase plane 
FIG. 1 
It is clear that 
T(c,, c2) = T(Q, 0) = T(0, 4 
where t1 is determined by the equation 
(3.4) 
t; + 2.5 G(G) = cz” + c; + 2~ G(c,), (35) 
and c2 is determined by the equation 
t; = c,” + c,” + 2~ G(Q). 
Returning to the expansion of (1.4), we have the identity 
T(c,, c2) = 2fl + &(Cl, c2) + l f2(c,, c2) + **- 
= 27r + &(O, E,) + G&(0, E,) + -**. 
(3.6) 
(3.7) 
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Since 
we have 
c2 = (c”, + c;)l” (1 + ~G(c,)/(c; + c;)I’~ + . ..). (3.8) 
T(c,, c2) = 27~ + &(O, (c; + c;)~‘~ + l G(c,)/(c; + ~;)l’~ + -) 
+ E2f,(O, (c: + cy2 + *-) 
= 27f + l fl(O, (cf + cy2) + e2 g (0, (cf + cy2) 
2 
. G(cl)/(c; + c;)“’ + . . . + c”fi(O, (c; + c;)“‘) + o(e”). (3.9) 
Hence, upon equating coefficients, 
fl(ClY c2> =.fl(O, (6 + cy2), 
f&17 5) =.a09 (6 + cY2) + (c2G+o)l,2 2 (0, (4 + Ly2), (3.10) 
1 2 
(3.11) 
and so on. Writing 
we see that 
fi@, 4 = Fl(a 
f2(0,4 = F2@4, 
f&l, c2) = h((4 + cy2), 
f2h c2) = F2((4 + W2) + (c2G:':!,l,2 WC; + 49, (3.12) 
1 2 
and so on. 
IV. g(u) = @+I 
In the special case where g(u) = z&+1, we can determine the analytic form 
of the functions F,, F,, *-a. In the equation 
24” + u + El@+1 = 0, 40) = Cl, 
make the change of variable u = Ka, obtaining 
u'(0) = c2, (4-l) 
Z)" + z, + &2n-lv2n+l =-J , w(0) = 1, w'(0) = 2. (4.2) 
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Hence 
Thus 
T(c,, c2) = T(c,, c2, e) = T (+ , +, &2*-l) . (4.3) 
T(c,, c2, E) = 27r + ~~I(cI, ~2) + •~fi(c,> ~2) + a** 
= 27r + EP-lfi (+, +) + E%4@f2 (%, +) + . ..* (4.4) 
Equating coefficients, we have 
fl(C1, c2) = k2”“-‘f1 (%, +) , 
and so forth. 
fib, c2) = k4”-Y2 ($- , +) 9 
Applying the results of (3.12), we have 
(4.5) 
(4.6) 
whence 
j?((c; + 41/Z) = p9, ( (4 +kc:)1’2 ) , 
f&l, c2> = w4 + 4>““> 
= F,(l) (c”, + c;)(a’~-r)‘a , (4.7) 
where F,(l) is an unknown constant. We can obtain a similar but more 
complicated expression for f2(c1, c2) involving another unknown parameter. 
At the moment we do not seem to be able to determine these unknown 
parameters using the foregoing techniques. 
Let us note finally that we can treat equations of the form 
u” + u + l 1u3 + c2u5 + -.a + e2k+lu2kC1 = 0, 
by similar techniques upon writing 
(4.8) 
T  = T(c,, ~2) = Th, ~2, ~1, ~2, -s-y c2k+l)* (4.9) 
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